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monotonicity: $A_{1}\leq A_{2},$ $B_{1}\leq B_{2}\Rightarrow A_{1}mB_{1}\leq A_{2}mB_{2}$ .
semi-continuity: $A_{n}\downarrow A,$ $B_{n}\downarrow B\Rightarrow A_{n}mB_{n}\downarrow AmB$ .
transformer inequality: $T^{*}(A mB)T\leq(T^{*}AT)m(T^{*}BT)$ .
tranformer equality holds if $T$ is invertible
normalization: A $mA=A$.
representing function $f_{m}(x)=1mx$ $(0, \infty)$
$0\leq A\leq B\Rightarrow 7_{m}(A)$ $\leq f_{m}(B)$ .
H






$(-1 \leq r\leq 1,0\leq t\leq 1)$ interpolational:
(A $m_{r,p}B$ )$m_{r,t}(Am_{r,q}B)=Am_{r,(1-t)p+tq}B$ ,









( ) $A,B$ ( ) path
A $\mathrm{m}_{r,t}B=A^{1/2}(1-t+t(A^{-1/2}BA^{-1/2})^{r})^{1/r}A^{1/2}$
$(0\leq t\leq 1)$
$\mathrm{m}_{r,t}$ representing function $F_{r,t}$
$F_{r,t}(x)=1\mathrm{m}_{r,t}x=(1-t+tx^{r})^{1/r}$
:
Lemma 1. Every function $F_{r,t}(x)$ is strictly increasing and strictly convex (resp.,
concave) for $r>1$ (resp., $r<1$ ).
$r$
Theorem 2. The inequality $|$ r $|\leq 1$ is the equivalent condition that $\mathrm{m}_{r,t}$ is operator
mean, or equivalently $F_{r,t}$ is operator monotone.
Lemma 3. $F_{r,0}(x)=1$ and $F_{r,1}(x)=x$ for all $r$ . If $0<t<1$ , then
$F_{r,t}(x) \uparrow 1\vee x\equiv\max\{1, x\}$ as $r\uparrow\infty$ and $F_{r,t}(x) \downarrow 1\Lambda x\equiv\min\{1, x\}$ as $r\downarrow-\infty$ .
quasi-sup, $\mathrm{i}$nf :
$A \check{\vee}B=A\mathrm{m}_{\infty,t}B\equiv\lim A\mathfrak{m}_{r,t}B=A^{1/2}(\mathrm{I} \vee A^{-1/2}BA^{-1/2})A^{1/2}$ and
$rarrow\ovalbox{\tt\small REJECT}$
$A_{\Lambda} \wedge B=A\mathfrak{m}_{-\infty,t}B\equiv\lim_{rarrow-\infty}$ A $\mathrm{m}_{r},tB=A^{1/2}(1\Lambda A^{-1/2}BA^{-1/2})A^{1/2}$
$(t\neq 0, 1)$ $t$ $A\mathrm{m}_{r,0}B=A$ $A\mathrm{m}_{r,1}B=B$
Lemma 4. $A_{\Lambda^{\Lambda}}B\leq A,$ $B\leq A\check{\vee}B$ and $A\check{\vee}B+A\wedge\Lambda B=A+B$ . If $A\leq B$ then
$A\check{\vee}B=B\check{\vee}A=B$ and A $\Lambda\Lambda B=B\Lambda\Lambda A=A$ .
Theorem 5. The path A $\mathrm{m}_{r,t}B$ is nondecreasing and norm-continuous for $r$ : For
$-\infty\leq r\leq s\leq\infty$ and $0<t<1$ ,
$A_{\Lambda}\wedge B=A\mathfrak{m}_{-\infty,t}B\leq$ . $.. \leq A\mathfrak{m}_{r,t}B=\lim_{parrow r}A\mathfrak{m}_{p,t}B\leq A\mathfrak{m}_{s,t}B\leq...\leq A\mathfrak{m}_{\infty,t}B=A\check{\vee}B$ .
If $A\leq B,$ then $A\leq$ . $..\leq A\mathfrak{m}_{r,t}B\leq A\mathrm{m}_{s,t}B\leq$ . . . $\leq Bfor-\infty\leq r\leq s\leq\infty$ and
$0\leq t\leq 1$ .
tarnsformer inequality , equality
Lemma (e.g.[3]) :
Theorem 6. The transfomer equality holds for $\mathfrak{m}_{r,t}for-\infty\leq r\leq\infty$ .
( $A\mathfrak{m}_{r,t}B\neq B\mathrm{m}$r,tA) :
Theorem 7. $A\check{\vee}B=B\check{\vee}$ $A$ and $A\wedge\wedge B=B\Lambda\Lambda A$ .
transformer equality transposition formula $\mathrm{m}_{r,t}$ interpola-
tional path :
Theorem 8. A path A $\mathrm{m}_{r,t}B$ is interpolational in the sense that
(A $\mathrm{m}_{r,\mathrm{p}}B$) $\mathfrak{m}_{r,t}(A\mathrm{m}_{r,q}B)=A\mathfrak{m}_{r,(1-t)p+tq}B$
for-Oo $\leq r\leq 00$ and $0\leq p,$ $q,$ $t\leq 1$ . In par icular, the transposition formula holds:
$B\mathfrak{m}_{r}$ ,$tA=A\mathrm{m}_{r,1-t}B$ .
$\frac{\partial F_{r,t}}{\partial t}(x)$ $= \frac{x^{r}-1}{r}(1-t+tx^{r})^{(1-r)/r}$
$\frac{\partial^{2}F_{r,t}}{(\partial t)^{2}}(x)=\frac{(x^{r}-1)^{2}(1-r)}{r^{2}}(1-t+tx^{r})^{(1-2r)/r}$
Lemma 9. For $a$ fixed $r,$ $F_{r,t}$ is a convex (resp., concave) differentiable path for $t$
if $r>1$ (resp., $r<1$ ).
solidarity
$A_{\mathrm{B}_{r}}B= \frac{\partial A\mathrm{m}_{r,t}B}{\partial t}|_{t=0}=A^{1/2}\frac{(A^{-1/2}BA^{-1/2})^{r}-1}{r}A^{1/2}=\frac{A\mathrm{m}_{0,r}B-A}{r}$,
:
Theorem 10. The derivative operator has an infomational property: $A_{5_{r}}(A\mathfrak{m}_{r,t}B)=$
$t(Az_{r}B)$ for $r\in \mathbb{R}$ and $t\in[0,1]$
$\mathrm{q}\mathrm{u}\mathrm{a}s\mathrm{i}-\sup_{\text{ }}$ inf lattice
lattice :
idempotent: $x\cap x=x$ , $x\cap x=x$ .
commutative: $x\cup y=y\cup x$ , $x\cap y=y\cap x$ .
absorptive: $x\cup(y\cap z)=(x\cup y)\cap z=x$ .
associative: $x\cup(y\cup z)=(x\cup y)\cup z$ , $x\cap(y\cap z)=(x\cap y)\cap z$.
$\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{s}\mathrm{i}-\sup_{\backslash }\mathrm{i}$nf lattice Olson lattice [6] :
$A \mathrm{Y}B\equiv\lim_{rarrow\infty}(A^{r}+B^{f})^{1/r}=\lim_{rarrow\infty}(\frac{A^{f}+B^{f}}{2})^{1/r}=\lim_{rarrow\infty}((1-t)A^{r}+tB^{r})^{1/r}$
lattice spectral order
Theorem 1L $A\leq B\Leftrightarrow A\check{\vee}B=B\Leftrightarrow A\wedge\wedge B=A$





$A= \frac{1}{2}(\begin{array}{ll}3 22 3\end{array})= \frac{1}{2}\cross\frac{1}{2}(\begin{array}{ll}1 -1-\mathrm{l} \mathrm{l}\end{array})+ \frac{5}{2}\cross\frac{1}{2}(\begin{array}{ll}\mathrm{l} 11 1\end{array})$ ,
$B=$ and $C=(\begin{array}{ll}1 00 4\end{array})$ $\geq B,$
we have $1\vee C=C$ and
$A \vee 1=B+\frac{3}{2}\cross\frac{1}{2}(\begin{array}{ll}1 1\mathrm{l} 1\end{array})= \frac{1}{4}(\begin{array}{ll}7 33 7\end{array})$
By
$C^{-1/2}AC^{-1/2}= \frac{1}{8}(\begin{array}{ll}2 00 1\end{array}) (\begin{array}{ll}3 22 3\end{array})(\begin{array}{ll}2 00 \mathrm{l}\end{array})= \frac{1}{8}(\begin{array}{ll}12 44 3\end{array})$
$C^{-1/2}(A\vee 1)$C-1/2 $= \frac{1}{16}(\begin{array}{ll}2 00 1\end{array}) (\begin{array}{ll}7 33 7\end{array})(\begin{array}{ll}2 00 1\end{array})= \frac{1}{16}(\begin{array}{ll}28 66 7\end{array})$ ,
we have
$||C-1/2AC^{-1/2}||= \frac{15+\sqrt{145}}{16}<\frac{35+\sqrt{585}}{32}=||$C-1/2 $(A\vee 1)C-1/2||$ .
Then $1\vee C^{-1/2}AC^{-1/2}\neq 1\vee C^{-1/2}(A\vee 1)$C-1/2and hence
$A\check{\vee}(B\check{\vee}C)=A{}_{\check{}}C\neq(A\vee 1){}_{\check{}}C=(A\check{\vee}B){}_{\check{}}C$.
$f(x)=1\vee x$ $\text{ }\sup_{\text{ }}$
inf :
$\min\{||A^{-1}||^{-1}, ||B^{-1}||^{-1}\}\leq A_{\Lambda}\wedge B\leq A\check{\vee}B\leq\max${ $||A||,$ $|$ |B||}
. $A=(\begin{array}{ll}1 00 1/2\end{array})$ , $B= \frac{1}{2}(\begin{array}{ll}1 1\mathrm{l} 1\end{array})$ positive contraction
$A^{-1/2}BA^{-1/2}= \frac{1}{2}(\begin{array}{ll}1 \sqrt{2}\sqrt{2} 2\end{array})= \frac{3}{2}\cross\frac{1}{3}(\begin{array}{ll}1 \sqrt{2}\sqrt{2} 2\end{array})$
$1 \vee A^{-1/2}\mathrm{f}1A^{-1/2}=\frac{1}{3}$ ( -f$2$) $+ \frac{3}{2}\cross\frac{1}{3}(\begin{array}{ll}1 \sqrt{2}\sqrt{2} 2\end{array})= \frac{1}{6}(\begin{array}{ll}7 \sqrt{2}\sqrt{2} 8\end{array})$
$A \check{\vee}B=\frac{1}{6}(\begin{array}{ll}7 1\mathrm{l} 4\end{array})$
1 $B$
$D(A, B)\equiv A\check{\vee}B-A\wedge\wedge B=A^{1/2}|A^{-1/2}BA^{-1/2}-1|A^{1/2}$
transformer equality :
$D(A, B)\leq D(A, 1)+D(B, 1)=|$A-1 $|+|$B–1 $|$
modular identity
$D(A, B)=2(A\mathrm{d} B)-(A+B)$
$\not\leq 2-(A+B)=1-A+1-B=D(A, 1)+D(B, 1)$
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